Abstract-Remote sensing has been used widely in studying the earth terrain such as snow or sea ice due to its fast, convenient and long-term monitoring capabilities. SAR images acquired could be used to analyze the condition of snow, snow water equivalent (SWE), surface roughness and others. Theoretical models have also been developed to understand how microwave interacts with the snow medium and the scatterers embedded inside the medium. Conventionally, spherical shape of scatterers is commonly used to represent the ice particles embedded inside snow where the actual shape of scatterers can vary. This paper is to present a theoretical model based on radiative transfer formulation that utilizes computational electromagnetics in the modelling of scattering from arbitrary shape of scatterers. The paper also studies the effect of scatterer shape on scattering mechanisms and total backscattering coefficient. Numerical solution of Relaxed Hierarchical Equivalent Source Algorithm (RHESA) was integrated with existing radiative transfer theoretical model to simulate a layer of random discrete snow medium. Several shapes of scatterers were simulated, and theoretical simulation were compared with ground truth measurement data with promising results.
INTRODUCTION
Traditionally, Radiative Transfer (RT) theory can be used to study the propagation of microwave through random discrete medium. RT theoretical models have been developed and used to simulate major types of mediums such as snow, sea ice and vegetation [1] [2] [3] [4] [5] [6] . For densely packed medium, two popular methods were developed which are quasicrystalline approximation (QCA) [7] and phase and amplitude correction theory [8] . Due to the difficulty in deriving formulations for different shapes of scatterers, basic shapes of scatterers like cylinder, sphere, disk or ellipsoid were commonly used to represent the ice particles or brine inclusions [1] [2] [3] [4] or trunk, branches or leaves of vegetation [4] [5] [6] . Despite the difficulty, there were studies on nonspherical particles performed by previous researchers since 1984 [9] . New improved RT theoretical model that can better represent the scatterers inside the medium could help researchers to better model the earth terrain and understand the scattering mechanisms.
The spherical shape of scatterers is commonly used in existing RT theoretical model for the modelling of snow medium. To find the total backscattering coefficient, scattering from these spherical scatterers was calculated using Mie-scattering formulation [3] . In the modeling configuration, there are three layers which consist of air layer as top layer, snow layer as middle layer and either soil or sea ice as the lower layer. The boundary between air layer and snow layer is modelled as a top rough surface, and the boundary between the snow layer and lower layer is modelled as a bottom rough surface. Scattering from these two rough surfaces were computed using integral-equation-based surface scattering model (IEM) [10] model. Analytical solution to simulate certain shape of scatterers has limited the existing RT theoretical model to be further used in research works that involve different kinds of snow or ice layers such as snow ice, frazil ice and columnar ice where scatterers inside are in granular or tubular form [11] . Research works [12, 13] show that the shape of scatterers could have significant contribution on total backscattering coefficient. The study shows that snow medium could have different shapes of scatterers instead of just spherical scatterers. This is because metamorphism process can alter the ice grain shape due to the heat flow and pressure change [14, 15] .
Incorporating numerical solution with existing RT theoretical model can allow the new improved RT theoretical model to simulate different shapes of scatterers without the need to derive analytical formulations when a new shape is considered. This provides great convenience for model simulation as the formulation could be difficult and time consuming especially for irregular shape of scatterers. In recent years, computational electromagnetics (CEM) has become important and gained a lot of interest in modern engineering and science fields. The emergence and use of Method of Moments (MoM) [16] allow the electromagnetics integral equations to be converted into a matrix-form linear equations that a powerful computer can solve it approximately. More and more numerical algorithms have been successfully applied with MoM and the computational speed has been improved through methods such as equivalence principle algorithm (EPA) [17, 18] , relaxed hierarchical equivalent source algorithm (RHESA) [19] , multilevel fast multipole algorithm (MLFMA) [20] and finite-difference timedomain method (FDTDM) [21] . With more powerful computers, solving scattering problems with CEM is a direction that the existing RT theoretical model could move on.
RHESA is a newly implemented numerical solution based on EPA foundation. In EPA, the original sources are replaced by electric and magnetic currents on an equivalence surface and these are known as equivalent source. EPA can reduce the unknowns and decompose one whole solution into several subproblems based on domain decomposition method (DDM) [17] . To eliminate the problem of singularities faced in EPA, RHESA uses relaxed hierarchical arrangement of spherical equivalence surfaces to avoid interception with internal primary sources. RHESA can reduce the total unknowns and accelerate the computational speed by utilizing the hierarchical form of equivalent sources that act as intermediate sources to compute the far-field interactions [19] .
MODEL DESCRIPTION AND METHODOLOGY
As shown in Figure 1 , the form of ice particles can be different due to the metamorphism and sintering process [14, 15] . In this section, a new improved RT theoretical model is presented to give the capability to simulate non-spherical shape of scatterers. The RT theoretical model is developed for densely packed medium which includes the array phase and amplitude correction theory. The theory has taken into account the near-field interactions between scatterers by applying a modified phase matrix which takes in the near-field term of the scattered field of the scatterers and coherent effect of the scatterers by multiplying Stokes matrix of a single scatterer with a phase correction factor. The array phase correction
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Facets Melt-refreeze aggregate Peanut Figure 1 . Some of the forms of ice particles that change due to the metamorphism and sintering process.
factor was developed based on antenna array theory. Volume fraction is used to describe the density of scatterer per unit volume, and the average distance between scatterers is given by
where V o is the volume of the scatterer, and V f is the volume fraction. Figure 2 shows the model configuration for a layer of snow with identical spherical scatterers embedded inside with top and bottom rough surfaces. The lower half or layer beneath can be ground or sea ice. Generally, the total backscattering coefficient from the medium can be given by summing up backscattering components from surface scattering, surface-volume scattering and volume scattering [2] as shown in Equation (1):
This is obtained by solving the radiative transfer equation [1] iteratively up to second order. The radiative transfer equation used is shown in Equation (2):
whereĪ, K e , and P are the Stokes vector, extinction matrix and phase matrix of the medium, respectively. The phase matrix of the scatterers is written as shown below [1] :
where |Ψ| 2 n is the dense medium phase correction factor that considers the coherency effect of closely spaced scatterers [8] , and S is the Stokes matrix as shown below [4] :
where E o is the amplitude of the incident field; d is the average distance between scatterers; E, H are the scattered electric and magnetic fields; v, h are the vertical and horizontal polarizations. For the proposed RT theoretical model, the Stokes matrix is represented by the scattering matrix of a scatterer of arbitrary shape computed with RHESA method. For spherical scatterers, Mie scattering formulation will be used. The Stokes matrix of an arbitrary shape of scatterer was simulated using RHESA model. The scatterer to be simulated was first created in 3D geometry using a third party 3D modeling tool software such as ANSYS. Then the scatterer was divided into small groups using cubical box to form the lowest level of oct-tree. The benefit of using cubical box at the lowest level of oct-tree is because the scatterer can be divided into small groups without any overlapping. Each cube was then enclosed by a spherical equivalence surface (ES) to form the upper level of oct-tree without touching the internal primary sources. The upper layer of ESs becomes the parent group (ES p ) of the child group (ES c ) of ESs that form below it. An example of a rectangular scatterer is shown in Figure 3 , and this process can be done for any arbitrary shape of scatterer. To compute scattered fields using numerical technique, a popular way is to use MoM. Electricfield integral equation (EFIE) can be discretized and transformed into a matrix-form linear system with MoM. The formulation of unknown surface currents can then be written in a dense MoM matrix equation [19] :
whereZ is the impedance matrix, I the unknown coefficients vector, and V the excitation vector. Solving the above equation directly is difficult as it yields a large number of unknowns especially this involves volume integral equations (VIEs). With hierarchical form of ESs in RHESA model, the above equation can be rewritten into the form below [19] :
RHESA divides Equation (5) into two categories of interactions which are near-field (Z near ) and farfield (Z far ) interactions as shown in Equation (6) . The near-field interactions between groups can be computed directly through MoM while the far-field interactions between groups can be accelerated by equivalent source algorithm (ESA) before MoM is applied. This involves the following three steps: inside-out radiation, translation and outside-in radiation [19] , as shown in Figure 4 . After breaking the scatterer into smaller groups and establishing the constructs of oct-tree, RHESA model performs the inside-out radiation from lower levels ESs to upper levels ESs at the source group G s . At this step, the original sources that generate incident electric and magnetic fields are replaced by the equivalent sources on the ESs of the source group G s by following the surface equivalence principle. The radiation of field of each level from child group to parent group is conducted using Stratton-Chu integral formulations. The same process also happens for outside-in radiation but in reverse direction.
Then at the second step, the far-field contributions from the equivalent sources of the source group G s to the observation group G o are computed through Stratton-Chu integral formulations. Lastly the third step is to perform the outside-in radiation from upper levels ESs to lower levels ESs in the observation group G o . At this stage, the equivalent sources on the ES of the observation group G o are updated with the radiated fields from the source group G s which then generate the electric and magnetic fields inside the ES and the calculation of far-field contributions from group G s to group G o is completed [19] .
With RHESA model, the scattered fields (E, H) in Equation (4) of arbitrary scatterer can be simulated, and the computed Stokes matrix using RHESA can be used in existing RT theoretical model. The design flow of overall model is shown in Figure 5 where in this case the Stokes matrix for Mie spherical scatterers can be replaced by the Stokes matrix calculated by RHESA for scatterers of arbitrary shapes. 
RESULTS AND ANALYSIS
Simulation results and validation of the proposed RT theoretical model with ground truth measurement data are presented in this section. The orientation of all shapes of scatterers were aligned to z direction (symmetry at z axis). As the shape of the particle selected for the simulations are all having an axis of symmetry, we can reduce the phase matrix to a simpler form [22] with faster computation. Each simulation only used one shape of scatterer and the scatterers were identical in size, relative permittivity and orientation with a distribution as explained in [2] and [8] .
Figures 6(a) and (b) show the comparison among spherical shape, cylindrical shape and peanut shape against 7 different incidence angles for co-polarization and cross-polarization. The size of the cylinder used in the simulation was 0.35 mm radius and 1.7 mm length and the peanut shape of scatterers was actually a combination of two spherical scatterers of 0.45 mm radius each with the combined length of 1.36 mm. The radius of spherical scatterers was 0.55 mm. The dimensions of these shapes of scatterers were chosen so that the volumes of the three types of scatterers were about the same. The relative permittivity for the scatterers embedded in the air background medium was 3.15 + i0.001 with a top layer of air (1.0+i0.0) and the lower half is soil (6.0+i0.0). Surface roughness for top surface was chosen to be 0.8 cm for rms-height and 6.0 cm for surface correlation length and those for bottom surface were 0.68 cm for rms-height and 6.0 cm for correlation length.
The co-polarization results show that the cylindrical shape can have higher total backscattering (a) (b) coefficient than spherical and peanut shapes at lower incidence angles. On the other hand, for crosspolarization, peanut shape gives lower total backscattering coefficient than spherical and cylindrical shapes. Figure 7 and Figure 8 show the comparison among spherical shape, cylindrical shape and peanut shape against three different volume fractions and layer thicknesses for co-polarization and crosspolarization. The sizes of the three types of scatterers were the same as those of Figure 6 . Parameters used for the simulations are the same as those of Figure 6 except that the volume fraction and layer thickness are changed accordingly.
The following 4 graphs are comparisons of the new RT theoretical model with RHESA with ground truth measurement data collected from ice shelf areas [2] (MSA)). Within these three larger-scale areas were three 1 km × 1 km intensive study areas (ISAs). Each ISA was divided into 4 sectors (Alpha, Beta, Charlie, and Delta) and there were 4 snow pit measurements performed within each sector. Within the Fraser MSA, there was the smallest study site (0.8 ha) called local scale observation site (LSOS). It was the most intensively measured location. The University of Michigan team set up a scatterometer, a radar system which could measure amplitude and phase of the backscattered signal to monitor the large clearing areas in LSOS. The system operated at two frequencies which were L-band (1.1-1.4 GHz) and Ku-band (15.25-15.75 GHz). The measurements were taken from three different incidence angles (20 • , 35 • , and 50 • ). Beside this, a Ku-band polarimetric scatterometer (POLSCAT) operating at 13.95 GHz was carried by an aircraft and the plane flew through the three MSA and generated the normalized radar cross section of the terrain. As shown in Figure 9 (a), 3 snow pit measurements of three different days sampled at LSOS during 2003 were selected to compare with the new RT theoretical model. Parameters measured during the IOP3 were snow depth, snow surface wetness, snow density, temperature, backscattered coefficient. 3 different shapes of scatterers were simulated for the L-band frequency. The lower half soil permittivity was estimated using the graph from [26] . The radius of spherical scatterers was 0.54 mm which was estimated based on the paper in [13] . The size of the cylinder used in the simulation was 0.35 mm radius and 1.7 mm length and the peanut shape of scatterers was actually a combination of two spherical scatterers of 0.45 mm radius with the combined length of 1.36 mm. The volume of the three types of scatterers was kept as close as each other. All measurements from radar were taken at 35 • incidence angle. The relative permittivity for scatterer was 3.15 + i0.001 and the scatterers were embedded in the background medium of air, top layer was air (1.0 + i0.0), and the lower half was soil (6.0 + i0.0). Surface roughness for top surface was estimated based on the paper in [13] between range 0.6-0.8 cm for rmsheight and 6.0-10.0 cm for surface correlation length, and those for bottom surface were 0.68-0.75 cm for rms-height and 6.0-10.0 cm for correlation length. The result shows that the simulated results match the ground truth measurement data. Figure 9 (b) shows the comparison using the same ground truth measurement data but at Ku-band frequency. At higher frequency, the shape of scatterers reflects noticeable difference among cylindrical shape, peanut shape and spherical shape. Simulation results for different shapes of scatterers were found to match with the ground truth measurement data and the cylindrical shape matched better for HH polarization at Ku-band. Beside this, the ground truth measurement data at Ku-Band shows that the HH polarization was higher than VV polarization. This was not reflected in the spherical scatterer simulation result but it was noticed from the simulation result of cylindrical scatterers.
As shown in Figure 10 , 4 snow pit measurements locations, two from North Park's Illinois River during IOP1 and two from Rabbit Ears's Buffalo Pass and Spring Creek during IOP4 were selected to compare with the new RT theoretical model. The ground truth measurement data were from ISA located near to the flight lines (< 70 m) conducted during these periods and the POLSCAT scatterometer was carried onboard the plane. Sphere, cylinder and peanut shape of scatterers were used to run the simulation using the new RT theoretical model. Volume for these 3 different shapes of scatterers was kept as close as each other. The relative permittivity for the scatterers embedded in air background medium was 3.15 + i0.001, the top layer was air (1.0 + i0.0) and lower half was soil (6.0 + i0.0). Surface roughness for top surface was estimated to be 0.6 cm for rms-height and 10.0 cm for surface correlation length and for bottom surface, it was 0.7-0.8 cm for rms-height and 10.0 cm for correlation length. At both IOP4 which had thicker snow layer (> 2 m) and higher volume fraction (> 36%) as compared with both IOP1 which had thinner snow layer (< 0.2 m) and lower volume fraction (< 26%), cylindrical shape gave quite high backscattering coefficient for HH polarization compared with spherical and peanut shape of scatterers and this could be because that the cylindrical shape is more sensitive to volume fraction as shown in Figure 7 . Figure 11 shows the comparison using 3 different shapes of scatterers which are peanut shape, cylindrical shape, and spherical shape with RADARSAT data from ice shelf sites in Antarctica [2] to see the impact on how different shapes of scatterers could contribute to the total backscattering coefficient. The radius of spherical scatterers was 1.1 mm. The size of the cylinder used in the simulation was 1.1 mm radius and 1.47 mm length, and the peanut shape of scatterers was actually a combination of two spherical scatterers of 0.92 mm radius with the combined length of 2.77 mm. The volume of the three types of scatterers was kept as close as each other. At sites like B, C and P, the backscattering coefficients from scatterers of peanut shape match better than that of spherical shape and cylindrical shape. On the other hand, for sites A and I, cylindrical shape can match better than the others. The parameters used for simulations, such as relative permittivity of scatterer, surface roughness and layer thickness, were the same as those in paper [2] as same RADARSAT data and ground truth measurement data were used.
CONCLUSION
In this paper, a new RT theoretical model that incorporates RHESA model to give the capability to simulate arbitrary shape of scatterers has been developed and studied. Theoretical analysis with different incidence angles, volume fractions and layer thicknesses were performed. Comparisons with ground truth measurement data using new RT theoretical model were conducted. Results show that in some cases, non-spherical scatterers can have better match than spherical scatterers. This means that different shapes of scatterers could be important in contributions to total backscattering coefficient due to metamorphism and sintering process. With the new developed RT theoretical model with RHESA, future research works on different kinds of medium (such as vegetation) with irregular shapes of scatterers can be carried out.
